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Nonparametric Estimation

Uses

e Data visualization and exploration
e Estimating a function without knowing function structure

How? examples...

e Kernel Density Estimation,
e Histograms
e Local regression (lowess, loess)

e Smoothing



Nonparametric Estimation

Why?

Besides tools for exploring data, can yield a deeper understand
of the trade-offs at play with fitting a model to data.
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Conceptoally: Ac a model produces less variance (i.e. by penalizing the beta
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Conceptoally: Ac a model produces less variance (i.e. by penalizing the beta

coe icieutr}, it increases bias.

Degree 1 Degree 4 Degree 15
MSE = 4.08e-01(+/- 4.25e-01) MSE = 4.32e-02(+/- 7.08e-02) MSE = 1.82e+08(+/- 5.47e+08)




Bias, Variance Tradeoff

Formally,
g,,-- estimator of true function, g (regression or density)

bias: b(z) = E(g,(z)) — g(x)
variance:  v(z) = V(g,(z)) = E((g,(z)) — E(g, (5'3))2)



Bias, Variance Tradeoff

Formally,
g,,-- estimator of true function, g (regression or density)

Risk: R(g,4,,)
bias: b(z) = E(g,(z)) — g(x)
(z)

variance; U



Bias, Variance Tradeoff

Risk

R(g,§,) = [V (z)de + [v(z)dz
b(z) = E(g, (z)) — g(z) g
o(z) = V(3 (2)) = E((3, (z)) — E(3, (x))?) . .

.+ Bias squared
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FIGURE 20.2. The Bias-Variance trade-off. The bias increases and the variance de-
creases with the amount of smoothing. The optimal amount of smoothing, indicated
by the vertical line, minimizes the risk = bias® + variance.
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Nonparametric Regression

Risk
R(g9,4,) fb2 dm—i—f
b(z) = E(g,(z)) — 9(z)

v(z) = V(§,(z)) = E((gn () — E(3,(2))*)

.+ Bias squared
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Con ceptually:

Ac a model produces less variance (i.e. by penalizing the beta coefficients), it increases bias.



Nonparametric Regression

Regression: Y; = T(CIBZ) + €;

Nadaraya-Watson kernel estimator:

n
=1
where weights are given by (K is a kernel):
K( w—:ci )
h

> i1 K(—=)



Nonparametric Regression

Regression: Y; = T(CIBZ) + €;

Nadaraya-Watson kernel estimator:

i—1

where weights are given by (K is a kernel):

wi(x) =

h
> K(=-)
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FIGURE 20.8. Regression analysis of the CMB data. The first fit is undersmoothed,

the second is oversmoothed, and the third is based on cross-validation. The last

panel shows the estimated risk versus the bandwidth of the smoother. The data are

from BOOMERaNG, Maxima, and DASI.



Nonparametric Regression

Regression: Y; = T(CIBZ) + €;

Nadaraya-Watson kernel estimator:

T = zn:wz(a: Y.
i=1

N-W Kernel at Boundary
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Nonparametric Regression

N-W Kernel at Boundary Local Linear Regression at Boundary
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Nonparametric Regression

Local Linear Regression at Boundary

Regression: Yz — ’I‘(CIBZ) + €

Local Linear Regression:

#(z0) = Bo(zo) + B1(z0)To




Nonparametric Regression

Local Linear Regression at Boundary

15

Regression: Yz — ’I‘(CIBZ) + €

Local Linear Regression: / ~ ‘
. n 11 RN
?(zo) = By (zo) + B1(T0)xo 7 ‘

[ local regression coefficients
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X,: @ range of points around a given x;;
e.g. the 30 nearest neighbors




Nonparametric Regression

Local Linear Regression at Boundary

15

Regression: Yz — ’I‘(CIBZ) + €

Local Linear Regression: /f o
7(zo) = Bo (o) + B1(z0)zo 7 o

Objective: Minimize weighted least squares:
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Nonparametric Regression

Local Linear Regression at Boundary

15

Regression: Yz — ’I‘(CIBZ) + €

Local Linear Regression: /: ‘
. . SO ¢ R
?(zo) = By (zo) + B1(z0)xo A ‘

Objective: Minimize weighted least squares:
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Full solution for local linear regression with normal equations for weighted least squares:

P (z0) = b(xo)" (B" W (20)B) ' B W (20)y
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Nonparametric Regression

w
=

Local Linear Regression at Boundary

Regression: Yz — ’I‘(CIBZ) + €;

Local Linear Regression:

#(z0) = Bo(zo) + B1(z0)To

P (z0) = b(o)" (B" W (20)B) ' B W (20)y



Other Nonparametric Methods

2] Histogram

° #compute the bootstrap:

iters = 5000 #number of iterations
all means = [] #will store the sample.mean per iteration
#run the simulation loops:
for i in range(iters):
resample = np.random.choice(sample, size=n, replace=True)
resample_mean = resample.mean()
all _means.append(resample_mean)

Frequency

#sort the resampled means from least to greatest:
=X sorted_means = sorted(all_means)
° #pick the upper and lower values for 95% CI:
c lower = sorted_means[int(0.625*iters)]
g = upper = sorted_means[-int(0.025*iters)]
é‘o print("95 CI based on the bootstrap: [%.3f, %.3f]" % (lower, upper) )
g
dg
a S 95 CI based on the bootstrap: [19.239, 19.626]
S The Bootstrap
o

Kernel Density Estimation



